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Abstract 

We give a calculation scheme for the cosmological constant computa¬ 
tion with the help of the Wheeler-DeWitt equation. This last one is re¬ 
garded as a Sturm-Liouville problem with the cosmological constant con¬ 
sidered as the associated eigenvalue. By fixing the ideas on a Friedmann- 
Lemaitre-Robertson-Walker line element in ordinary gravity, we apply this 
calculation scheme on distorted gravity. By distorted gravity, we mean 
all the deviations from General Relativity. We restrict our proposal on 
Gravity’s Rainbow and Noncommutative geometry. A brief comment on 
Hofava-Lifshitz (HL) theory is discussed. 


1 Introduction 


One of the cornerstone of Quantum Cosmology is the Wheeler-DeWitt (WDW) 
equation[T]. It represents the quantum version of the invariance with respect to 
time reparametrization. If we denote with = 'yijdx^dx^ the line element on 
the three-sphere, with N the lapse function and with a{t) the scale factor, the 
Friedmann-Lemaitre-Robertson-Walker line element assumes the form 


= —N'^dt^ + c? (t) dDg. 
Thus the WDW in absence of matter fields is 


iJT (a) = 


9 a 9 , 

da“ da ' ^ 


4 ^ 


2 4 

a - a 

3 


Tla) 


q d 97r2 
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a - -a 


4/ (a) = 0, 
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where we have also introduced a factor order ambiguity q, the Newton’s constant 
G and a cosmological constant A. In this formulation all the degrees of freedom 
except the scale factor a (t) have been integrated. If the WDW equation is 
interpreted as an eigenvalue equation, one simply finds 

H'i (a) = E'iJ (a) = 0, (3) 


namely a zero energy eigenvalue. However, it appears that the WDW equation 
has also a hidden structure. Indeed Eq.Q has the structure of a Sturm-Liouville 
eigenvalue problem with the cosmological constant as eigenvalue. We recall to 
the reader that a Sturm-Liouville differential equation is defined by 

^ (p (®) + 9 (a^) y (x) + Xw (x) yix)=0 (4) 


and the normalization is defined by 

fb 

/ dxw (x) y* (x) y (x) 


(5) 


where the boundary conditions are momentarily suspended. It is a standard 
procedure, to convert the Sturm-Liouville problem (j4]) into a variational problem 
of the form 

F [y (x)] ~ ^ ^ , (6) 

dxw (x) y* (x) y (x) 

with unspecified boundary condition. If y (x) is an eigenfunction of (|3]), then 


- fa dxy* jx) [£ {p (x) £)+q (a^)] y (x) 
dxw (x) y* (x) y {x) 

is the eigenvalue, otherwise 

^ , - la dxy* (x) (p (x) A) + q (a;)] y (a:) 

dxw (x) y* (x) y (x) 


(7) 

( 8 ) 


The minimum of the functional F [y (a:)] corresponds to a solution of the Sturm- 
Liouville problem Q with the eigenvalue A. In the case of the FLRW model we 
have the following correspondence 


p (x) -)► a« (t) , 


w (x) —>■ a®'*"* (<) , 
2 / (x) ^ 4' (a) , 


A / Stt 

"^3 te 




it), 


(9) 
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Since a (t) € [0, oo), the normalization becomes 


daa«+%* (a) 4- (a), (10) 

where it is understood that di' (oo) = 0. In the minisuperspace approach with a 
FLRW background, one hnds 



/ (a) 



9 A 

a da 



^(a) 


(a) (a) 


SAtt^ 
4G2 ■ 


( 11 ) 


As a concrete case, fixing g = 0 and taking as a trial wave function 4* (a) = 
exp (—/3a^), one finds (a) —>■ 0 when a —> oo. Then the only solution allowed 
is complex and therefore it must be discarded[2]. Of course, the general g case 
is much more complicated[3]- Note that the global energy eigenvalue is still 
vanishing. What we can compute in the Sturm-Liouville formulation is the 
degree of degeneracy which is represented by the cosmological constant and the 
value of the cosmological constant itself. In the next section we give the general 
guidelines in ordinary gravity and in presence of Modified Dispersion Relations 
and the Non Commutative approach to Quantum Field Theory. Units in which 
h = c = k = 1 are used throughout the paper. 


2 The Cosmological Constant in Distorted Quan¬ 
tum Cosmology 

When we generalize the minisuperspace approach of Eq. (HU, the formal struc¬ 
ture persists. Indeed the WDW equation can be transformed into {k = 8ttG) 


I I ^ [9ij] [g»j] fs [g^j] 


{^4' J^d^xA^ 4' 


V 


(4-14-) 



( 12 ) 


where we have integrated over the hypersurface E and we have defined 

V= f ( 13 ) 

Jn 

as the volume of the hypersurface E with 


Ae = ( 2 k) - ^gRj ( 2 k) . ( 14 ) 


Gijki is the supermetric, while tt*-' is termed the supermomentum, R is the 
three scalar curvature andy^ is the determinant of the three metric gij. In this 
form, Eg. lfT^ can be used to compute Zero Point Energy (ZPE) provided that 
A/k be considered as an eigenvalue of As, namely the WDW equation is trans¬ 
formed into an expectation value computation. Nevertheless, solving Eq. (HU is 
a quite impossible task, therefore we are oriented to use a variational approach 
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with trial wave functionals. The related boundary conditions are dictated by 
the choice of the trial wave functionals which, in our case, are of the Gaussian 
type: this choice is justified by the fact that ZPE should be described by a good 
candidate of the ‘^vacuum state". However if we change the form of the wave 
functionals we change also the corresponding boundary conditions and therefore 
the description of the vacuum state. It is better to observe that the obtained 
eigenvalue A/k, it is far to be a constant, rather it will be dependent on some 
parameters and therefore it will be considered more like a dynamical cosmolog¬ 
ical constant”. Usually, when we compute Eq. m to one loop or higher loops. 
Ultraviolet divergences appear. In ordinary gravity, to take under control such 
divergencies we need a regularization/renormalization scheme [1]. However, as 
shown by Hofava, a modification of Einstein gravity motivated by the Lifshitz 
theory in solid state physics [5], allows the theory to be power-counting ultravi¬ 
olet (UV) renormalizable with the prescription to recover general relativity in 
the infrared (IR) limit. Nevertheless, Hofava-Lifshitz (HL) theory is noncovari¬ 
ant. Another proposal comes from Gravity’s Rainbow which distorts the metric 
tensor around and beyond the Planck scale |5]. The basic ingredient is the def¬ 
inition of two arbitrary functions: gi (E/Epi) and 52 (E/Epi), which have the 
following property 


lim qi (E/Epi) = 1 and 

E/Epi^O 


lim q 2 (E/Upi) = I. (15) 

E/Epi —^0 


gi {E/Epi) and 52 {E/Ep\) distort the metric in the following way. For a spher¬ 
ically symmetric metric, we can define 


ds^ = — 


(r) 


-dt 


dr^ 


gliE/Epi) (i_m^g2^E/Ep,) aUE/Epi) 


{dO^ -\- sin^ 0d(jy^) , 

as) 

where N (r) is known as the lapse function and b (r) is the shape function. 
For black holes and wormholes, one has the further condition b(rt) = rt and 
therefore r G [rt^ -boo). This is not trivial, because for instance for Dark Energy 
Stars, the radius r S [0, -boo) for 5 (r)[7]. On the other hand for a FLRW metric, 
we can write 

^.2 , ^02 


= - 


9l {E/Epy) 


dE 


gl{E/Ep,/^^ 


Of course, ordinary gravity is recovered when E/Upi —0. In a series of papers [HI 
niin], it has been shown that Gravity’s Rainbow can keep under control UV 
divergences, at least to one loop. This procedure has been widely tested on a 
spherically symmetric background. If one considers perturbations of the metric 
dUl), one finds that Eq. (HU becomes 


gl (E/Upi) Is 




with 


V 


A (9.) 

As = (2 k) — 


W) 


A 

K, 


gl (E/Epi) 






(2k) g2 {E/Epi) 


(18) 


(19) 
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The symbol indicates the quantity computed in absence of rainbow’s func¬ 
tions gi {E/Ep\) and g 2 {E/Ey>\). Extracting the TT tensor contribution from 
Eg. dTSl) . we find that the total one loop energy density for the graviton, or ZPE, 
induces a dynamical cosmological constant whose form is 


A 


—E 


/*+oo 


Eigi {EjEpi) g2 {EjEpi) 1 




^gliE/Ep,) 



3 

dEi, 


( 20 ) 

where we have defined two r-dependent effective masses m\ (r) and (r), cor¬ 
responding to the two degrees of freedom of the graviton, 

I mf (r) = A (^1 - -h ^b' (r) - ^6 (r) 

\ (r = r(x)). (21) 

I (r) = ^ (l - (r) + (r) 

We have to observe that only appropriate choices of gi (E/Ep\) and g 2 (E/Ep\) 
lead to a finite induced cosmological constant. For instance, if we choose 

gi (E/Epi) = 1 - 77 (E/Epi)” and 52 (E/Epi) = 1 , ( 22 ) 


where ry is a dimensionless parameter and n is an integer [TT], the ZPE of Ea. (l20)) 
diverges and therefore will be discarded. On the other hand, if we choose 


gi (E/Epi) = (1 -f / 3 E) exp(-a^) 

-C/Pl -C/TDl 


52 (E/Epi) — 1 , 


(23) 


^pi 


with a > 0 and /3 G K, the ZPE of Ea. d^ is finite for the pure Gaussian" 
choice, (j5 = 0 ) but it does not work correctly because it does not lead to a 
positive induced cosmological constant. On the other hand the Non-Gaussian" 
choice works correctly especially for a de Sitter, Anti de Sitter and Minkowski 
background. To fix ideas, for a de Sitter background we have b (r) = A^gr^/S 
with Ads > 0. Thus Eo. d^ leads to the following behavior of A/ (SttG) 


A 




a; —>■ 0 


Ep exp(—ax^) a; —>■ 00 


(24) 


By imposing that 



A/ (SttG) vanishes for small x and therefore the result is regular for every value 
of a:, where x = y/niQ (r) /Ep and where tttq (r) play the role of an effective 
mass with 


ml (r) 



(26) 
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This ‘‘‘‘dynamical induced cosmological constant is finite for every choice of r. 
It is interesting to note that the whole setting successfully applies also to the 
case of a naked singularity [TD] of the form (|16p with b{r) = —2MG, M > 0. 
One finds that if we define 


Imlir) 

El 


rEp 


then 


if we set 


15MG 


A 


and 


y = 


lir) 


El 


lim T- 

x^o SttGEI 

y-^0 ^ 


13 = -. 


4 + Sy^Trja l3 

a 

TT 


= 0 , 


On the other hand, when r —?> 0 or M —>■ oo, one gets 


rEp 


9MG 

r 

(27) 


(28) 

(29) 


A 

S-kGEI 


2 

Sn'^ar^El 


ISMGexp 


al5MG\ 

r^El J 


+ 9MGexp 


aQMGV 

r^El ) 


(30) 

The case in which M —>■ oo is unphysical because it represents a singularity 
which fills the whole universe. On the other hand the case in which r —>■ 0 
represents a naked singularity which is no more singular, at least from the ZPE 
point of view. Note that the choice has been borrowed by Noncommuta- 
tive Geometry (NCG). In NGG, one introduces a deformation of the classical 
Liouville counting number of nodes 



, d^xd^k 

an = -^ 

(2^)" 

(31) 

with [12] 

dr’xdr’k ( 9,n\ 

(32) 


dn^ - 3 exp ( kA , 


{2Try V 4 y 

where 

ki=Ef-m'f{r) i = l,2. 

(33) 


9 is the parameter encoding the noncommutativity of spacetime represented by 
the commutator [x'^,x'^] = i6>^'^. 9^'^ is an antisymmetric matrix which deter¬ 
mines the fundamental discretization of spacetime. However, since Gravity’s 
Rainbow depends on gi [E/Ep\) and g 2 {E/E-p\) and not only by one single pa¬ 
rameter like 0, it appears to be more flexible in describing ZPE calculations. 
This flexibility appears more evident when one tries to make a bridge between 
Gravity’s Rainbow and HL theory. Indeed it is possible to create a correspon¬ 
dence between them at least for a FLRW metric and for a spherically symmetric 
background [13]. This is possible when 


9i {E/Ep) = gi {E {a (t)) /Ep) 

g 2 {E/Ep) = g 2 {E{a{t))/Ep) (34) 
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for a FLRW metric and 


gi {E/Ep) = gi {E {b (r)) /Ep) 
52 (E/Ep) = 52 {E {b (r)) /Ep) 


(35) 


for a spherically symmetric metric. This interesting connection gives a hint on 
why Gravity’s Rainbow produces finite results, at least in one loop calculations. 
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